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Abstract 

The physical states in a world-volume model of a non-critical 3- 
brane are systematically constructed using techniques of four-dimensional 
conformal field theories on R x 5 3 developed recently. Invariant com- 
binations of creation modes under a special conformal transformation 
provide building blocks of physical states. Any state can be created by 
acting with such building blocks on a conformally invariant vacuum in 
an invariant way under the other conformal charges: the Hamiltonian 
and rotation generators on S 3 . We explicitly construct building blocks 
for scalar, vector and gravitational fields, and classify them as finite 
types. 



1 Introduction 



Conformal invariance is one of the most important symmetry in statis- 
tical mechanics, strings and quantized gravity. Applications of conformally 
invariant quantum field theories to such physics are modern streams to study 
their non-perturbative effects. Especially, it is well-known that in two dimen- 
sions an infinite number of generators form the Virasoro algebra, and yield 
powerful constraints on the classification and the physical properties of two- 
dimensional critical points [1] and strings [2, 3]. In higher dimensions, the 
number of the generators becomes finite, but the conformal invariance is still 
powerful. 

Recently, there have been remarkable developments in four-dimensional 
conformal field theories [4, 5, 6, 7, 8, 9, 10, 11]. As an advance on space- 
time physics [5, 6, 7, 8], a renormalizable world- volume model of a non- 
critical 3-brane [7, 8] was quantized on R x S 3 [6, 8] in a strong gravity 
phase, in which world-volume fluctuations are dominated by the conformal 
field. This model possesses exact conformal symmetry as a realization of the 
background-metric independence. The conformal symmetry is generated by 
15 conformal charges: the Hamiltonian, H, the rotation generators on S 3 , 
Rmn, and the charges for the special conformal transformations, Qm, and 
their conjugates, Q M . These charges satisfy the conformal algebra [6, 8]: 



Explicit forms of the conformal charges for scalar [6], vector [8] and gravita- 
tional fields [8, 6] have been constructed. 

The conformal invariance imposes strong constraints on the physical states. 
The physical states in a non-critical 3-brane must satisfy the conformal in- 
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variance conditions, 1 

<2 M |phys) = #|phys) = iWlphys) = 0. (1.2) 

Such states have been constructed in Ref. [8]. In this paper, we further develop 
the arguments and give a systematic method to construct and classify the 
physical states. 

The physical state is divided into sectors of matter fields and gravitational 
fields. Here, we consider the scalar and vector fields as matter fields. The 
gravitational fields are further decomposed into two sectors: the conformal 
mode and the traceless mode. Dynamical fields are mode-expanded in the 
spherical tensor harmonics on S 3 . The standard Fock state created by acting 
with a creation mode on a vacuum is an eigenstate of the Hamiltonian be- 
longing to a certain representation of the rotation group on S 3 . However, the 
charge for the special conformal transformation, Qm, maps a creation mode 
to another creation mode belonging to a different representation. There- 
fore, this charge yields a strong constraint on the physical states. We seek a 
QM-i nv ariant combination of creation modes in each sector. Such an oper- 
ator provides a building block of physical states. We have found that apart 
from a few creation modes, such a building block is obtained by a particular 
combination of the products of two creation modes, and classified as finite 
types. Any state satisfying the first conditon in (1.2) is created by acting 
with building blocks on a conformally invariant vacuum. The third condition 
in (1.2) can be easily satisfied by combining all sectors in a rotation-invariant 
way. The Hamiltonian condition is imposed last by adjusting the zero- mode 
momentum existing in the conformal field. In this way we can obtain an 
infinite number of physical states in a non-critical 3-brane. 

This paper is organized as follows. In the next section we briefly review a 
world- volume model of a non-critical 3-brane on R x S 3 developed in Ref. [8]. 
We here give mode expansions of dynamical fields, canonical commutation 
relations, and explicit forms of the conformal charges and so on. In Sect. 3 
we discuss conformally coupled scalar fields in detail. Basic ideas on how to 
construct and classify physical states in a non-critical 3-brane are given here. 
A Qj^-invariant creation operator with a scalar index is the building block 
in this sector. In order to help our intuitive understanding of the structure 

1 Here, these charges include the ghost sector in the radiation + gauge discussed in 
Appendix F. 
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of states, a graphical representation is introduced here. In Sect. 4 we develop 
an argument for the case of vector fields. We find that there are three types 
of building blocks with scalar, vector and rank 2 tensor indices. In Sect. 5 
we construct building blocks for the traceless mode sector. For gravitational 
fields, both positive-metric and negative-metric modes are required to form a 
closed conformal algebra. However, no negative-metric modes commute with 
the charge Qm, and thus these modes are not independent physical modes. 
We find that QM-fnvariant building blocks are given by particular combi- 
nations of the products of such positive-metric and negative-metric modes, 
apart from the lowest positive-metric mode. They are classified as seven 
types with tensor indices up to rank 4. The building blocks for the confor- 
mal mode sector are constructed in Sect. 6. They are classified as two types 
with a scalar index. Because of the existence of the zero mode, the conformal 
mode sector is managed separately. Physical states are constructed in Sect. 7 
by acting with building blocks on a conformally invariant vacuum in such 
a way that the conditions for the Hamiltonian and the rotation generators 
in Eqs.(1.2) are satisfied. The physical states up to level 6 are constructed 
explicitly. Sect. 8 is devoted to conclusions and a discussion. 

2 A World- Volume Model of a Non-Critical 
3-Brane 

In this section we review recent developments on a world-volume model 
of a non-critical 3-brane [8]. 

2.1 Canonical Quantization on R x S 3 

The world-volume metric is decomposed to the conformal mode, (f), and the 
traceless mode, h x v) as 

g^ = e 2 *g, x (5 x l/ + th\ + ---), (2.1) 

with tr(h) = 0, and is the background metric. In this paper we use the 
Rx S 3 background with the Lorentzian signature (—1, 1, 1, 1). The traceless 
mode, whose field strength is given by the squre of the Weyl tensor divided 
by t 2 , is handled perturbatively in terms of the coupling t, while the con- 
formal mode is treated exactly. Recently, it was shown that the pertubative 
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expansion in t is renormalizable and asymptotically free [7]. The asymp- 
totic freedom implied at very high energies above the Planck mass the Weyl 
tensor should vanish, and world-volume fluctuations are dominated by the 
conformal mode. The dynamics is described by a four-dimensional conformal 
field theory (CFT 4 ). In the following we consider the case of the vanishing 
coupling realized at very high energies where mass scales can be neglected. 

The action for the conformal mode is induced from the measure, as in 
the case of a non-critical string [3]. The four-dimensional counteraction of 
the Polyakov-Liouville action in a non-critical string is the Riegert action [5], 
given by 

S = -j^y 2 J d'x^pg {20A 4 + E^} , (2.2) 

where y/— gA 4 is a conformally invariant 4-th order operator, defined by 
A 4 = D 2 + 2W H, V ll V v - \RU + §(V^R)V M , and E 4 = G 4 - jDR and 
G 4 is the Euler density. This action is related to the conformal anomaly 
proportional to the Euler density. The coefficient b\ has been calculated as 
b x = ^ (N x + + 62iV A ) + f§§, where N x , N w and N A are the number 
of conformal scalar fields, Weyl fermions and gauge fields, respectively. 

The kinetic term of the traceless mode is given by the linearized form of 
the Weyl action, which is invariant under a gauge transformation, S^h^ = 
V M £i,+Vj,£ M — |(/ M i,V a £a- 2 To quantize the traceless mode, we take the radiation 
gauge [8], 

h° = Vih\ = Vih'j = 0, 

2 More precisely, the diffeomorphism transformation, S^g^ — g v \V ^ + £ , is 

decomposed into the transformation of the conformal mode, 5^4> = £, X d\4> + jV\(, X , and 
that of the traceless mode expanded by the coupling as 

+£ A V A V + \ V (v,e A - v A a) + ±h vX (w^ x - V%) + o(t), 

where £ M = g^ v £, v '. The linearized Weyl action is invariant under the lowest term of 
this transformation, S^h^, and therefore we write here only this term, in which £/t is 
replaced by £. It is worth commenting that in the case that £ M are the conformal Killing 
vectors, the lowest term of the transformation vanishes, and thus the next order terms 
become effective, even in the linearized model. This transformation is the conformal 
transformation discussed in the text. 



4 



hr = o, 

2 



(2.3) 



where hy 2 is the lowest mode of h° l in the spherical-harmonics expansion 
defined below. In this gauge, the space of the residual gauge symmetry 
becomes equivalent to that spanned by conformal Killing vectors on Rx S 3 . 

A world-volume model of a non-critical 3-brane coupled to the conformal 
scalar and vector fields is considered here. For the vector field, the radiation 
gauge, A = ViA 1 = 0, is taken. The action on R x S 3 in the radiation" 1 " 
gauge is given by 

- l -W 3 (df - 2V 2 <9 2 + V 4 + 8<9 2 - 4V 2 + 4) h\ 
+h\ (v 2 + 2) (-d 2 + V 2 - 2) h 0i 

+ 1 -x(-d 2 + v 2 -i)x 

+ 1 -A l (-d 2 + V 2 -2)A^, (2.4) 

where V 2 = V*Vi is the Laplacian on S 3 . The background metric is parametrized 
as in (A.l), in which the radius of S 3 is taken to be unity. Here and hence- 
forth, t denotes the time, not the traceless mode coupling. 

Since the model is conformally invariant, we could take any conformal 
background. The advantages that we use the R x S 3 background are that 
mode expansions of higher- derivative gravitational fields have quite simple 
forms, and then canonical commutation relations of these modes become 
diagonal. Furthermore, we can use the properties of Clebsch-Gordan coeffi- 
cients because the isometry group of S 3 is SO(A) = SU(2) x SU(2). 

Dynamical fields are expanded in symmetric-traceless-transverse (ST 2 ) 
spherical tensor harmonics [12, 10, 8]. The ST 2 tensor harmonics of rank n 
are classified using the (J + e n , J — e n ) representation of SU{2) x SU{2) for 
each sign of e n = ±|. They are, denoted by Y}l' M l ™ n y the eigenfunction of 
the Laplacian on S" 3 , 

V 2 ^mX) = {-2J(2J + 2)+n}Y}l M i £ l ) , (2.5) 
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where J (> |) takes integer or half-integer values, and M = (m, m') repre- 
sents the multiplicity for e n , which takes the following values: 

171 J £ n , J £ n -\- 1 , • • • , J -\- £ n 1 , J -\- £ n , 

m = -J + e n , - J + e n + 1, • • • , J - e n - 1, J - e n . (2.6) 

Thus, the multiplicity of the ST 2 tensor harmonic of rank n is given by the 
product of the left and right SU{2) multiplicities, (2(J+e n )+l)(2(J-e n )+l), 
for each sign of e n , and thus it is totally 2(2J + n + 1)(2J — n+ 1) for n > 1. 
For n — 0, the multiplicity is given by (2 J + l) 2 . The explicit forms of the 
ST 2 tensor harmonics of any rank are given in Ref. [8]. They are normalized 
as 

J s3 ^^MMiei ) Y h-inMM 2 ei) = SjijjM^Alel, (2.7) 

where 

r j(Ms n ) - y- L ) e Myj { _Ms n )- 

Below, we use the following parametrizations for the tensor indices up to 
rank 4: 

1 3 

e = 0, s 1 = y = ±-, e 2 = x = ±l, e 3 = z = ±-, e 4 = w = ±2. 

(2.9) 

From the CFT 4 action (2.4), we can easily obtain the equations of motion 
and mode expansions of the dynamical fields. The scalar and vector fields 
are expanded as 

x = EE // = + v4^ (2J+1) %V} , (2.io) 

j>o m y2(2J + 1) 

J>\M,y \J2{2J + 1) 

(2.H) 

These fields are normalized such that the canonical commutation relations 
become 

[^JiAfi, ¥>J 2 M 2 ] = ^JiJ 2 ^M 1 M 2 , 

[qJi(M iyi ),q j2 (M 2 y 2 )\ = SjiJ^MiM^y^, (2-12) 
6 



where §M 1 M 2 — &m 1 m 2 Sm' 1 m' 2 - 

The mode expansions of gravitational fields are given by 

7T 



2(q + pt)Y 00 
1 



2Vh 

\ ^ v ^ 

+ j>i m v/J(2J+l) 
1 



+ EE 



J>0 M J(J + 1)(2J+ 1) 



%2Jt YjM + (Jjm^^Yjm} 

e- i(2J+2)t ^M + &We i(2J+2)t ^Vi 



(2.13) 



Ivy f 

4 J>1M, Jj(2J+l) 



{CJ(M; 



-i2Jt v ij 



yy i J p i2jt v ij* \ 

1 J(Mx) C .J{Mx) e 1 J(Mx) J 



D i2.)t v ij* 



ti 



Oi 



4 ^i^ ^(J+1)(2J+1) 



EE 



, jf p i{2J+2)t v ij* \ 

~^ a J(Mx) C X J(Mx)f' 



{e JiMy) e^ J +^Y} {My) 



2 J>im, } V( 2J - l)(2J+l)(2J + 3) 

I J" p i(2J+l)ty» \ 

^ e J(My) C Y J(My)fi 



(2.14) 



(2.15) 



where 1™ 



00 y/VoUS^) 

mode expansion of the lowest mode with J 



The radiation + gauge (2.3) implies that in the 



| is removed, because this 
mode satisfies the equation (V 2 + 2)hy 2 = 0, and therefore there is no kinetic 
term of this mode. The canonical commutation relations of the gravitational 
modes are given by 



[q,p] 



t 



a J 1 M 1 , a J 2 M 2 
Cj^Min), c J 2 (M 2 x 2 ) 
e Ji{M 1 y 1 )-,^j 2 l y M 2 y 2 ) 



A 



J JiMr, U J 2 M 2 



>.hJ 2 VM 1 M 2 , 



— — rfji(Mixi), ^J 2 {M 2 x 2 ) — &J\J 2 &M x M 2 bxxx 2 -, 

— —^JiJ 2 ^M 1 M 2 ^y 1 y 2 - (2-16) 



Thus, the cijm and cj^mx) are positive-metric modes, and the bjM, ^j(Mx) 
and ej(My) are negative-metric modes. 
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2.2 Conformal charges on R x S 3 

Because the conformal field, 4>, is quantized exactly without introducing the 
coupling constant concerning this field, the model possesses exact conformal 
invariance. This conformal symmetry is generated by 15 charges: the Hamil- 
tonian, the 6 rotation generators on £ 3 , and the 8 charges for the special 
conformal transformations. 

The Hamiltonian is given by 

H = \p 2 + b l + Y.Y,{ 2Ja] JMajM - {2J + 2)b ] j M bjM} 

^ J>0 M 

+ E H{ 2Jc l(MxfJ(Mx) - (2 J + 2)d}j {Mx) dj {M x)} 
J>1 M,x 

~ E E( 2J + l ) e \MyfJ(My)- 
J>1 M,y 

+ EE( 2 < / + 1 VWjm 

,/>0 M 

+ EE( 2J + 1 )9Ww- ( 2 - 17 ) 

J>\ M,y 

The rotation generators on £ 3 , Rmn, satisfy the relations 

Rmn = -<\i< xh' \ m ■ Rmn = Rnm, (2-18) 

where e M = (—l) m ~ m \ and the indices, M and N, are the 4 vectors on 
£77(2) x £77(2). From these relations only 6 of these generators are in- 
dependent. If we parametrize the 4 representation of £77(2) x ££7(2) as 
{(i|),(i-|),(-i|),(-|,-|)} = (1,2,3,4), and identify A + = R 31 , 
A_ = i&, A 3 = \{R U + R 22 ), B + = R 21 , B_ = i& and B 3 = \{R U - 
R22), the closed algebra of Rmn in (1-1) can be expressed by the standard 
£77(2) x ££7(2) algebra, i.e., 

L4 + ,7L] = 2A 3 , [A 3 ,A ± ] = ±A ± , 

[B + , B_] = 2B 3 , [B 3 , B ± ] = ±B±, (2.19) 

and A± t3 and B± }3 commute. The generators A± t3 (B± }3 ) act on the left 
(right) ££7(2) index of M — (m, m!) in each mode. Explicit forms of Rmn 
are given in Ref.[8]. 
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The most important conformal charges to determine the physical states 
are the charges for the special conformal transformations, denoted by Qm, 
and their hermite conjugates. For the scalar and vector fields, they are given 
by 



Qm = E E ^ uJ+l y/(2J + 1)(2J + 2)ti MiVj+hM2 

J>0M!,M 2 

-V V D^ M 

^ ^ J{M iyi ),J+\{M 2 y 2 ) 
j>i M uVl ,M 2 ,y 2 



x v /(2J+l)(2J + 2)gJ (Mm) g J+|(M2?/2) . (2.20) 
For the gravitational fields, they are given by 

Qm = [\J^bi - ipj ai M 

+ E E C^ J+l {a(J)a\ Mi a J+ i M2 

J>0M 1: M 2 

+l(J)^ J+ i M2 bj Ml } 

+ E E E J(M 1 x 1 ),J+i(M 2 x 2 ){ a (^) C J(M 1 x 1 ) C J+i(M 2 x 2 ) 
J>1 Mi,xi,M2,x 2 

J+\{M 2 x 2 ) 

+l(J)c j J+ i (M2X2) dj(M lXl )} 

+ E E *-*-J(M 1 x 1 );J(M 2 y 2 ) 

{A(J) 

J>1 M 1 ,x 1 ,M 2 ,y 2 

+B(J)e t J{M2y2) dj {Ml x 1 )} 

+ Y1 E D J(M 1?/1 ),J+I(M 2 j /2 ) C '(' / ) e J(M n/1 ) e J+i(M 2?/2 )-( 2 - 21 ) 
J>1 M 1 ,y 1 ,M 2 ,y 2 

Here, C, D, E and H are the SU{2) x SU(2) Clebsch-Gordan coefficients, 
defined in Appendix B. The modes with the tilde are defined by: 

Qj(My) = ^MQj(-My), 
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CJjM — CmUJ-M, bjM — ^Adbj-M, 
Cj(Mx) = ^M c .J(-Mx)i dj(Mx) — ^Mdj(-Mx), &J(My) = ^M^J(- My) (2.22) 

where e M = (— l) m ~ m '. The coefficients are given by: 
a(J) = ^27(27 + 2), 



/3(J) 
7(J) 

A(J) 
B(J) 
C(J) 



= - v /(2J+l)(2J + 3), 



4J 



(2J- l)(2J + 3)' 



(2.23) 



2(27 + 2) 



\ (2J-l)(2J + 3)' 



\ 



(2 J - 1)(2J + 1)(2J + 2)(2 J + 4) 



2J(2J + 3) 

These conformal charges satisfy the closed algebra (1.1). 

3 Building Blocks for Scalar Fields 

We first consider the scalar field sector in the physical states. Basic ideas 
on how to construct building blocks of physical states in a non-critical 3-brane 
are given here. 

The standard Fock state created by acting with a creation mode on a 
vacuum is an eigenstate of the Hamiltonian. It belongs to a representation 
of the rotation group on S 3 , SU(2) x £77(2). However, the charges for the 
special conformal transformations, Qm, map a creation mode to another 
creation mode belonging to a different representation. Therefore, the Qm 
conditions in (1.2) are non-trivial, and we must impose them in each sector, 
while the H and Rmn conditions are imposed last after combining all sectors. 

Let us seek creation operators that commute with Q M . The commutator 
of Qm and the creation mode </?j M is calculated as 



[Qm-, ^jmJ 



^27(27+1) £ e Ml C^ 



Mi,J-iM 2 ^J-iM 2 ' 



M 2 



(3.1) 
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Thus, only the lowest mode, ipl , commutes with Q M . 

Consider creation operators with the scalar index JN, constructed from 
the products of two creation modes. The general operator with level H = 
2L + 2 is given by 



[2L+2]f 
JN 



E E f(L,K)C J L 

K=0M lt M 2 



[2Z/ I 2] 

An operator without the tilde is defined by <&[ 1 " 



JN 



e N^J-N ■ 



(3.2) 



Because 



the property of the SU(2) x SU(2) Clebsch-Gordan coefficient, Cj^ Ml J2M2 = 

G J j7-m 1 ,J2-m 2 i an d N = Mi+M 2 , such that e N = e M _^M 2 ^ $jjv +2lt is expressed 
by (3.2) without the tildes on (p*'s. The function / is defined by 



f(L, K) 



f(L,K) 



(2L - 2K + 1)(2K + 1) 



(3.3) 



where / satisfies the symmetric condition 

f(L,K) = f(L,L-K). 



(3.4) 



Because of the triangular conditions for the Clebsch-Gordan coefficient of 
type C (B.2), this operator exists for J < L. 

Here, a graphical representation is introduced to help our intuitive under- 
standing of the structure of the physical states. The creation and annihilation 
modes are described as 



J 



6 



J 



6 



&JMi 



J 



X 



Pjm, 



J 



X 



(fjM- 



The SU(2) x SU{2) Clebsch-Gordan coefficients of type C are 
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Using these graphs, the creation operator (3.2) is expressed as 



J 

L-K K. 



Also, the conformal charge, Qm, is expressed as 



Qm = T,jp(J) 




where p(J) = ^(2J + 1)(2J + 2). 

The commutator of Qm and the creation operator (3.2) is calculated as 

[Qm,^jn 1 



E E 



xE|/(u-)J|^ es c>" 



2K + 1 ~" ~ L-K-\hh,L-K-S L~KS,KM 2 
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This equation is graphically expressed in Fig.l. 




Figure 1: Commutator of the charge, Q M , and the operator, $K +2]t . 

Let us seek a function / that makes the r.h.s. of Eq.(3.5) vanish. To 
find such a /, crossing relations among the SU (2) x SU(2) Clebsch-Gordan 
coefficients of type C are useful. Here, we consider the integral of the product 
of four scalar harmonics, 

/ „ d^3Yi M Yj lMl Yj 2M2 Yj N . (3.6) 
j s° 2 

Using the product expansion 

]_ it, 

Yi M Y JlMl = E Y, e s C J 1 M 1 ,i-s Y is, (3.7) 

>Vol{S 3 ) I=Jl± i s 

where the product is taken at the same point, and S = (s, s'), we obtain the 
crossing relation (Fig. 2) 

E\ ■* , f-*h M r ,JN — V" \ ' c*h M r ,JN 
2-^ e S K ^JiMi,I-S K ^IS,J 2 M 2 — Z^ e S^ J J 2 M2,I-S^IS,JiM 1 - 
Z=Ji±§ S I= j 2 ±i S 
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Figure 2: Crossing relation (3.8). 

Consider relation (3.8) with the values J\ = L — K — | and J2 = K. In 
this case, the intermediate values, /, are L — K — 1 and L — K for the l.h.s., 
and K—^ and K+\ for the r.h.s. of this equation. To make the commutator 
(3.5) vanish, crossing relations with the intermediate values, L — K and K+^, 
are required. For the general value of J, this condition is not satisfied. The 
crossing relation that we seek is obtained if we take J = L because of the 
triangular conditions for the Clebsch-Gordan coefficients of type C (B.2). 

Using this crossing relation we find that if / satisfies the recursion relation, 

the commutator (3.5) vanishes. By solving this recursion relation, we obtain 

f(L,K) = {-!)**( 2 M (3.10) 



up to the L-dependent normalization. Note that this solution satisfies the 
equation f(L,L — K) = (—l) 2L f(L,K). However, / must satisfy the sym- 
metric condition (3.4). Hence, / is given by Eq.(3.10) for integer L, while / 
vanishes for half integer L. 

Thus, we find that the creation operators (3.2) commute with Qm only 
when J = L, and / is given by (3.10), where L is a zero or positive integer. 
Hereafter, we express these operators as 

a>t = $pi+2]t _ y> (-j) 2 * ( 2L \ 

k=om,,M2 J(2L -2K+ 1){2K + 1) V 2K J 



X ^L-KM l ,KM 2 l f J< L-KM 1 l f J 'KM2- (3.11) 

If we impose Z2 symmetry, X <->• —X, the operator (<^oo) n with odd n is 

' ' ' 4) 



excluded, while that with even n is generated from $00 = (v^o v? 
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rank of tensor index 





creation op. 
level (L G Z> ) 


2L + 2 



Table 1: Building blocks in the scalar field sector. 

These operators, & LN , provide building blocks of phyical states in the 
scalar field sector. Any state satisfying the QM-invariance condition is cre- 
ated by these operators. It is a Hamiltonian eigenstate belonging to a certain 
representation of the rotation group on S 3 . The rotation invariant state is 
obtained by contracting out all scalar indices, N, using the SU{2) x SU(2) 
Clebsch-Gordan coefficients. For example, such invariant combinations are 
constructed as (Fig. 3) 

E^LvlO), £ C^ZlznAnA.nMinJO), (3.12) 

N N!,N2,N 3 

where |0) indicates the standard Fock vacuum. 




Figure 3: Examples for the Qm arid Rmn invariant states in the scalar field 
sector. The circles with $t inside denotes the creation operators, $' . The 
arrow is defined as in the case of creation modes (p\ 

In this way, an infinite number of states can be constructed from the 
building blocks, & LN . These states are graphically represented by tree dia- 
grams in which the operators are connected using the Clebsch-Gordan coef- 
ficients. Using crossing relations, we can deform any type of tree diagram to 
a comb-type tree diagram in Fig.4. Loop diagrams also reduce to tree dia- 
grams due to the properties of the Clebsch-Gordan coefficients [13]. Thus, we 
can deform any type of connected diagram to the comb-type tree diagram. 
Therefore, all QM-invariant states will be classified by the comb- type tree 
diagrams constructed from the building blocks, & LN , with integer L. 

Here, we consider states restricted within the scalar field sector. In gen- 
eral, the Rmn condition should be imposed last after all sectors are combined. 
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(*!) 

L n -i 



La 



Li 



|o>. 



Figure 4: A state represented by a comb-type tree diagram. We here omit 

the arrow because we can turn its direction to the opposite using the 
properties of the Clebsch-Gordan coefficients, and thus it is not essential. 



4 Building Blocks for Vector Fields 

Next, we consider the vector field sector. The commutator of the charge 
Qm an d the creation mode q u My \ is given by 



[Qm, <?j( 



A/ m )J 



2J(2J+1) e Ml D 



M 2 ,y 2 



J{-M iyi ),J-\{M 2 y 2 )^J-\{M 2 y 2 ) 



(4.1) 

Thus, the lowest mode, Qi/ My y is the only creation mode that commutes 
with Q M . 

As in the case of the scalar field, we seek the QM-i nv ariant creation op- 
erators constructed from the product of two creation modes. For the vector 
field, we must consider creation operators with scalar, vector and rank 2 ten- 
sor indices. The general forms of such creation operators with level 2L + 2 
are given by 



[2L+2]f 
JN 



S,A^[2L+2]f 
-J(Ny) 



K=\ Mi, T/i, M 2 , 2/2 



E E ioOMOD 

L-K{M 1 y 1 ),K(M 2 y 2 ) ( lL-K{M iyi ) C lK{M 2 y 2 )^ 

(4.2) 

L-K(M 1 y 1 ),K(M 2 y2) < lL--K[M 1 y 1 )^k(M2y2)' 

(4.3) 



E E fi(L,K)^Vj^ * * 



K=\ M\,y!,M 2 ,y 2 
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y[2L+2]\ V- V f (T K\V J( - Nx) d- 

x J(Nx) ~~ J2^) ^ j-r L-K(M 1 y 1 ),K(M 2 y2nL-K(M 1 y 1 ) i lK(M2y2)' 



K=\ Mi,yi,M2,V2 



(4- 

These operators without the tilde are defined by the relations ^jjv +2 ' = 

, Tf [2L+2] ^,[2L+2] ^[2L+2] , ™[2L+2] ~,[2Z,+2] rpi r r 

e N %^ N \ ^ J{Ny j = tN^j^Ny) and T l J{Nx j = e^T^.^. The functions / n , 
with ?7, = 0, 1, 2, are defined by 

/»(£,*) = 7= (4-5) 
'(2L-2K+ 1)(2K + 1) 



where / n satisfy the symmetric conditions 

f n (L,L-K) = f n (L,K). (4.6) 

The new SU(2) x SU(2) Clebsch-Gordan coefficients of types S ' A V and F 
are defined by 



S vSl),i 2 (M 2y2 ) = ^/VolOT / y {i Yp^ Mv) Y iJl{Mim) Y jMM2y2h (4.7) 



V Jl(M iyi ),J 2 (M 2 y 2 ) 



F i ( £i),J 2 (W 2 y 2 ) = \/ Vol (' 53 ) J sZ Y j\\lx) Y iJi{M iyi )YjJ 2 (M2y2)- ( 4 -9) 



Graphically, these operators are expressed as 

J 

^ +2lt = EWo(^) 

c 

L-K K 
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The wavy and spiral lines indicate the vector and rank 2 tensor indices, 
respectively. The vertices denote the SU (2) x SU (2) Clebsch-Gordan coeffi- 
cients of types, D, V and F, respectively. Each line has an arrow, but it is 
omitted here. It can be easily recovered. 

First, consider the creation operator with scalar index (4.2). Because of 
the triangular conditions of type D (B.4), this operator exists for J < L. 
The commutator of this operator and Qm is calculated as 

= -£ E E 

K=i Ml ,2/1 M 2 ,y 2 



E] fo( L > K )V 2K +1 eV ^L-K~±{M 1 y 1 ),L-K(-VypL N -K(Vy),K(M 2 y2) 



X 

V,y 



± f (r k+±\ 2K + 1 r n* M 

+ J0 A -f 2 j y 2L _ V K(M 2 y2),K+^(~Vy) K+^(Vy),L~K~\(M 1 y 1 ) j- 

(4.10) 

Therefore, according to the procedure developed in Sect. 3, we seek a crossing 
relation that consists of only the type D coefficients in order to find a function 
fo that makes the r.h.s. of this commutator vanish. 

Consider the integral of the product of two scalar and two vector har- 
monics, 

3 dft3Yi M Y}^ Miy ^Yij^ M:2 y 2 )YJ N . (4-11) 
From the product expansion, 
v* v* 

I \M 1 Ji{M 1 y 1 ) 



18 



Yl € v' D J 1 (M 1 y 1 ),I(-Vy) Y I(Vy) 



'V0\(SZ) r= X±I V,y 

/^=py S E 2 /(2/ + 2) esG ^^)^^ r/5 ' (4 - 12) 

we obtain the crossing relation (Fig. 5) 

\ -> \ -> , T^k M nJN 

2^ 2^ e V*-> J 1 (M 1 y 1 ),I(-Vy) 1J I(Vy),J 2 (M 2 y 2 ) 
/=Ji±i V,y 

^ Z_, 21(21 + 2) Jl(MlJ/l);/ ~ s j2(M2J/2);75, 
= [J!(M iyi ) <-> J 2 (M 2 y 2 )]. (4.13) 

J 

— — = [Ji <-> M 

Figure 5: The crossing relation (4.13). 

Substituting the values J\ = L — K — | and J 2 = K into this crossing 
relation , we find that the intermediate values, /, are restricted to be L—K—l 
and L-K [K±\) for the D • D part in the l.h.s. (r.h.s.), and L-K- \ (K) 
for the G-G part in the l.h.s. (r.h.s.), respectively. The crossing relation that 
we seek is that in which the D • D part in the l.h.s. (r.h.s.) has intermediate 
values of L — K [K + |), and the G ■ G parts vanish. These conditions are 
satisfied only when J = L, because the triangular conditions of type D (B.4) 
and type G (B.8) read 

^>L-K-l(Vy),K(M 2 y 2 ) = ^ > '[Z±(Vy),L-K-±(M 1 y 1 ) = °> ( 4 ' 14 ) 
^K[M 2 y2y,L-K-^S = ^L-K-^(M iyi );KS = ®- ( 4 -15) 

Using this crossing relation, we find that the commutator (4.10) vanishes if 
the function / satisfies the same recursion relation to / (3.9) in the scalar 
field sector, and hence 

f (L,K)=f(L,K), (4.16) 
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where / is given by Eq.(3.10), and L is an integer in order to satisfy the 
symmetric condition (4.6). 

Thus, we obtain a creation operator with scalar index that commutes 
with Q M as 

*t = iPmt _ y> y (-1) 2 "' ( 2i ) 

x=i Af 1)Wll M 2lOT ^(21 - 2K + 1)(2K + 1) V 2K J 

X ^L-K(M iyi ),K(M2y2)^L-K(M iyi )^K(M2y2)' ( 4 ' 17 ) 

with integer L(> 2). Here, L — 1 is trivial because [Qm,?L Mj/ J = 0, and 
therefore it is removed. 

In the same way, we can obtain a Qjy^-invariant creation operator with 
rank 2 tensor index. The triangular conditions of the type F coefficient (4.9) 
can be obtained from the expression 

T? J ( Mx ) fij+xm fiJ-xm 1 I a -i o\ 

x Ji(M 1 y 1 ),J 2 (M 2 y2) ^Ji+yimi,J2+y2m 2 l - / Ji-j/im' 1 ,J2-j/2m 2 ' l 4: -- L0 y' 

and thus this coefficient is non- vanishing for 

J < Ji + J 2 , (4.19) 

with integer J + Ji + J2, where the equality is saturated only when x, yi, t/2 
have the same sign. Therefore, the creation operator (4.4) exists for J < L. 
The commutator of this operator and Qm is calculated as 

M 

r n y,[2L+2]U _ \^ V* ~t ~t 

LVM, 1 j(jv x ) J - 2^ 2^ 2^ ( lL-K-\{M 1 y 1 ) ( lK{M2y2) 
K=\ M liyi M 2 ,y 2 



<M^> A ;y o/r + i ey i-x-i(Afij/i),^^(-v ? /) IH i-^(v?/),^(M 2y2 ) 



J_f fr ^ , I\ / 2K + 1 n2 - M F J(JV*) \ 

-1-/2 + 2/ \1L-1K eV K ( M 2V2),K+^-Vy) * K+±(Vv),L-K-±(M iyi )f- 

(4.20) 

The crossing relation that we need in this case is obtained from the inte- 
gral 

j g3 dn 3 Y ±M Y Ji(M iyi ) Y j 2 (M 2y2 ) Y '*jJ(Nx) ( 4 - 21 ) 
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as (Fig. 6) 

I(Vy),J 2 (M 2 y 2 ) 



2^ 2^ e ^ AJ Ji(Mi 2 / 1 ),J(-y 2 /) J? /(V»),. 
/=Ji±i V,y 

+ E E 2/(2/ + 2) G ^( Miyi ) ;/5eArH ^ _7V:r);j2(M2?/2) 

= [Ji{M lVl ) <-> J 2 (M 2 y 2 )}, (4.22) 



where the product expansion (4.12) is used. 





J 



Ji 



\ 



[Ji <-> J 2 



Figure 6: Crossing relation (4.22). 

The necessary condition for the commutator (4.20) to vanish is now that 
there is a crossing relation with J\ = L — K — ~ and J 2 = K that consists of 
only the D • F part with the intermediate value I = L — K (K + ~) in the 
l.h.s. (r.h.s.) of (4.22). If we take J = L, we obtain the required relation, 
because the triangular conditions of type F (4.19) and type H (B.10) read 

t?L{Nx) _ -pL(Nx) _ n / . 9 o\ 

r L-K-l(Vy),K(M 2 y 2 ) ~ r K -\(Vy),L-K-\{M iyi ) ~ U ' K 1 '^) 

H-L(Nx);K(M 2 y 2 ) = ^-L(Nx);L-K-\(M iyi ) = ^- (4.24) 

Using this crossing relation, we find that f 2 must also satisfy the same recur- 
sion relation to / in order that the commutator (4.20) vanishes. Thus, we 
obtain 

f 2 (L,K) = f(L,K), (4.25) 

where L is an integer in order to satisfy the symmetric condition (4.6). 

Thus, the QM-invariant creation operator with rank 2 tensor index is 
given by 

L ~\ ( i\2A'+l / or \ 

1 L(Nx) — 1 L(Nx) ~ 2 ■> 2 ■< 2 ■< 



if=I Mi ,2/1 M 2 ,2/ 2 



(2L-2/ST+ l)(2/sT+ 1) V 2K 
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X * L-K(M 1 y 1 ),K(M 2 y 2 ) ( lL-K{M 1 y 1 ) < lK(M 2 y 2 y l 4 -^0j 

with integer L(> 2). 

Next, consider the creation operators with vector index (4.3). The com- 
mutators of Qm and these operator are given by expression (4.10) with 
the quantities f , ^ J L _ KK and D^ + i L _ K _i replaced by fi, s ' a Vl-k,k an d 
s,Ay,/ L _^_i) respectively. Thus, the necessary conditions for these com- 
mutators to vanish are that there are crossing relations that consist of only 
the D ■ S,A V parts. 

Consider the following integrals: 



d ^3 Y i M Y h(M iyi ) Y j 2 (M 2 y 2 )^ '(i*7)J(Afv)» 



d ^ Y \M Y Ji (M iyi ) Y i {M 2 y 2 ) V \i Y j*]J(My) ■ 



These integrals give the crossing relations (Fig. 7) 



E E 



/=Ji±i 



S,A V ^(JV!/) 
r(-Vy') V /(Vy'), J2{M 2 y 2 ) 



e s G 



y y — - — 

ikt s 2/(2/ + 2) 
: [Ji(M l2/l ) <-> J 2 (M 2 y 2 )] ; 



J x {M x y x );I-S u J 2 (M 2 y 2 );IS 



where 



SjjJ{My) 
U Ji(M iyi );J 2 M 2 

A-^jJ(My) 



Jl(M iyi );J 2 M 2 



(4.27) 
(4.28) 



(4.29) 



Vol(53) dn 3 ^Yp ( * M y) Y lJl(Miyi) V,Y j2M2 (A.30) 
Vol(53) ^dn^Yj^ Ji(M iyi ) v,y j2M2 .(4.3i) 




+ 



J 



Figure 7: Crossing relations (4.29). 



J2 



22 



Here, the triangular conditions for the Clebsch-Gordan coefficients of 
types S,A V and S ' A U are obtained from expression (C.l). From the expression 

S,A-\rJ(My) ^J+ym ^yJ-ym' (a qo\ 

V Ji(M iyi ),J 2 (M 2 y 2 ) ^ ^ J\+yim 1 ,J 2 +y2m 2 ^ J J l -y l m' l ,J2-y 2 m 2 -> V*- ^) 

this coefficient is non-vanishing for 

J<Ji + J*-\, (4.33) 
with half integer J + Ji + J 2 . Also, from the expression 

S,AtT J ( Mj/ ) ^ ^iJ+ym (-iJ-ym' /, oa\ 

U Ji(M iyi );J 2 M 2 ^ Ly Ji+S/imi,J 2 m2 Ly J 1 - ?/1 m' 1 ,J2m^ 

we obtain the non-vanishing condtion for this coefficient as 

J < Ji + J 2 , (4.35) 

with integer J + J\ + J 2 . The equality in (4.35) is saturated only at y — y\. 

In order that the Qm invariant operator of type (4.3) exists, it is required 
that there is a crossing relation with Ji = L — K— \ and J 2 = K that consists 
of only the D • S ' A V parts with the intermediate values L — K and K + \ 
in the l.h.s. and r.h.s. of (4.29), respectively. The problem of finding such a 
crossing relation is to find a quantity J satisfying the following conditions: 

V L-K(Vy'),K(M 2 y 2 ) T 1 u > v L-K-l(Vy'),K(M 2 y 2 ) ~ U ' {4.30) 

and 

S,A TJ J(iVj/) _ n /, s? x 

From inequality (4.33), the conditions (4.36) are satisfied only when J = 

L — |. However, because of the triangular condition for S,A U (4.35), this 

value does not satisfy the second condition (4.37). Thus, we cannot make 

the G • U parts in the relation (4.29) vanish. Consequently, we find that 

there is no (^M-invariant creation operator with vector index of type (4.3). 

Therefore, the only building block with vector index is given by the lowest 

vector mode, q\,. T 
2 ( N y) 

Finaly, we briefly show that there is no other (^M-invariant creation op- 
erators with tensor index of higher rank, n. Such a operator is obtained by 
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replacing the Clebsch-Gordan coefficients of type D in expression (4.2) with 
the genralized one, n D, defined in Appendix C. As in the previous argument, 
the necessary condition for the commutator of this operator and Qm to van- 
ish is that there is a crossing relation that consists of the only D • ™D parts. 
The crossing relation with such D • n D terms is given by the type III relation 
(E.8) derived in Appendix E. However, for n > 3, because of the triangu- 
lar conditions of type n H (C.6) and type n G (C.9), this relation does not 
close only within the D • ra D parts. Thus, there is no Qju-invariant creation 
operator with index of rank n > 3. 

The two types of creation operators, ^ LN (4.17) and ^unx) (4-26), and 
the lowest creation mode, q\, Ny y provide the building blocks of physical 
states in the vector field sector. They are summarized in Table 2. Any 
(^M-invariant Hamiltonian eigenstate belonging to a certain representation 
of Rmn will be constructed from these operators, using the SU(2) x SU(2) 
Clebsch-Gordan coefficients. As in the case of the scalar field sector, such a 
state will be classified by the comb-type tree diagram. 



rank of tensor index 


1 2 


creation op. 
level (L e Z> 2 ) 


LN <l\{Ny) L(Nx) 

2L + 2 2 2L + 2 



Table 2: Building blocks in the vector field sector. 



5 Building Blocks for Gravitational Traceless 
Fields 

In this section, we construct and classify building blocks for the traceless 
mode sector. The commutators of Qm and the traceless modes are given by: 

[Qm,c*j( Mixi) ] = a(j - -) e M 1 Ej { _ Mlxl)! j_i {M2X2 f\_i {M2X2) (5-l) 

M2,X2 

[Qm,^j {MiXi) ] = --f(J) e M 1 ^ J( _ Mixi ^ J+ i (M2X2) c\ + , {M2X2) 

M2,X2 

-fi( J ~ o) Yl e M 1 Ej { _ MlXl) j_i (M2X2) d^i 2{M2X2) 

M2 ,X2 
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M 2 ,y 2 



[Qm, Cj(Miyi)\ — MJ) E e M 1 1ij^M 2 x 2 y,J(-M 1 y 1 ) C \(M 2 x 2 ) 

M 2 ,x 2 

~ C { J ~i) ^ eM i D J(-M m ),J-I(M 2y2 ) g J-i(M 2?/2 )-( 5 - 3 ) 
M 2 ,y 2 



The only (^M-invariant mode is the lowest rank 2 tensor creation mode with 
a positive metric, c\^ Mx y No negative- metric creation modes, & and e\ 
commute with Qm- 

Let us consider creation operators with tensor index (Ne n ) of rank n. We 
here need operators with index up to rank 4. The general form of such a 
creation operator with level H = 2L constructed from the products of two 
creation modes is given by 



Oj{Ne n ) — E E E X n{^^) n ^L-K{Mxx 1 ),K(M 2 ,x 2 )^L-K{M x x 1 )^K{M 2 x 2 ) 



(Mixi) C .ft"(M 2 x 2 ) 



1^=1 Mi, M 2 ,x 2 

L-2 

+ E E E yn(L^) n ^'L-K-l(M 1 x 1 ),K(M 2 ,x 2 )dL-K-l(M 1 x 1 " 
K=l Mi, xi M 2 ,:r 2 

L-3 _ ^ 

+ E E E ^^^) n ^L-K-2{M 1 x x ),K{M 2 ,x 2 )^L-K-2{M 1 x x )^K(M 2 x 2 ) 
K=l Mi, xi M 2 ,x 2 

+ E E E ^™(^' ^) " H L-X-i(Mix 1 );A:(M 2 , J/2 )C L _^_l( Mi:El ) e ^(M 2 j/ 2 ) 
JT=1Mi,iiM 2 ,!B 

M _ j(7V£ } 

+ E E E "n(^, ^0 n '^L-K-^(M 1 x 1 );K(M 2 ,y 2 ) C, 'L-K-l(M 1 x 1 fK(M 2 y 2 ) 
K=l Mi, xi M 2 ,j/ 2 

L-2 ^ ^ 

+ E E E ^0 n ^L-K-l(M 1 y 1 ),K(M2,y 2 )^L-K-l(M 1 y 1 )^K(M 2 y 2 )' 

JsT=l Mi ,2/1 M 2 ,2/ 2 

(5.4) 



where new Clebsch-Gordan coefficients, n E, ra H, n D, are defined in Appendix 
C, and also their non-vanishing conditions used in this section are summa- 
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rized there. The unknown functions are defined as 

x n (L, K) 



x n (L,K) 

Vn(L,K) 

z n (L,K) 

w n (L, K) 

u n (L, K) 

vJL, K) 

yJ(2L-2K -1)(2K+1) 

Here, x n , z n and v n satisfy the following symmetric conditions: 

x n (L,K) = x n (L,L-K), 
z n (L,K) = z n {L,L-K-2), 
v n (L,K) = v n (L,L-K-l). 

The commutator of Qm and this creation operator is computed 

)[2L]t 1 
J(Ne n )\ 



{2L - 2K + 1){2K + I) 
Vn(L,K) 
^ (2L - 2K - l)(2K + 1)' 

Zn(L,K) 

^ (2L - 2K - 3)(2K + I) 

w n (L, K) 
^j(2L-2K)(2K+ 1)' 

Un(L, K) 

2L-2K -2)(2K+ 1) ' 



(5.5) 
(5.6) 
(5.7) 
(5.8) 
(5.9) 
(5.10) 



(5.11) 
(5.12) 
(5.13) 



as 



\n n [2L]j; 



E E E 4 

K=l Mi, xi M 2 ,x 2 



X 



2x n (L,K)a(L-K-i)^e T E 



L-K-\(Mixi),L-K(-Tx) 



x n E 



L-K(Tx),K(M 2 x 2 ) 



-y n (L,K) 7 (L-K-l)]Te T E^ 

7> 2 
v/(iVe„) 



L-A"-i(Mixi),L-A"-l(-Tx) 



x n E 



L-A--l(Tx),A-(M 2 x 2 ) 
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-Vy) H-L-K-±(M 1X1 y,K(Vy) 

V,y 

L 



+ Y Y Y d] L-K-UM 1 x 1 )^K{M 2 x 2 ) 
K=l Mi, X! M 2 ,x 2 



X 



L ~2 



2 J ^ 1 L-K-^(M!Xi),L-K-2(-Tx) 
T,x 

n ^J(Ne n ) 
X Cj L-K-2{Tx),K{M 2 x 2 ) 



+ E li Y ^L-K-\{M x y x )^K{M 2 y 2 ) 



K=lM 1 ,y 1 M 2 ,y 2 

u n {L,K)B(L-K-lWe T ^ M 



x 



2 J ^ 1 L-K-±{-Tx);L-K-±{Miy{) 
T,x 



-2v n (L, K)C U-K- 3 -W e v ^\ M _ K _, 



^(M iyi ),L-K-l(-Vy) 
V,y 

X LJ L-K-l(Vy),K(M 2 y 2 ) 



+ YYY 



-UM lXl yK{M 2 x 2 ) 
K=l Mi, xi M 2 ,x 2 



X 



-y n (L,K)p(L-K-^)J2tT~E 



L-K-%(M 1 x 1 ),L-K-l{-Tx) 

T,x 



x Ih L-K-l{Tx),K{M 2 x 2 ) 



+y n (l, K+^j a{K) g e T ^ Masea)tK+ i { _ Tx) 



-2- Zu (L,K-l),(K-lWe T B 



\M 



K{M 2 x 2 ),K-U-Tx) 

T,x 



' rj K-\{Tx),L-K-l{M 1 x 1 ) 
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-Vy) ~H-L-K-l{M 1X1 );K{Vy) 

V,y 

L-2 

+ E E E ^L-K-l{M 1 x 1 )^K{M 2 y 2 ) 
K=l Mi,xi M 2 ,y 2 



X 



— A/f 

-y n (L, L-K- l)B(K) £ e T H^ ( _ T:c);i , (M2?;2) 

X rj _ftT(To;),L-ii"-l(Mia;i) 

+w n (L, K)a(L -K-l)Y, ^\_ K _ l(MiX ^ L _ K _i { _ Tx) 

T,x 



X n -L-K-±(Tx);K(M 2 y2) 



-W r 



(L,K+^jC(K)J2e v V 



\M 



K{M 2 y 2 ),K+\{-Vy) 

V,y 



x n H 



L-K-l{M lXl );K+UVy) 



T,x 

x ra H r _ K _3 



M 

L-K-l(M 1X i),L-K-l(-Tx) 



n ^jJ(Ne n ) 

L-K-%(Tx);K(M 2 y 2 ) 



-2v n (L, K)A(L -K-1)J2 ^l-K-HM lXl y,L-K-n-vy) 

V,y 



Xn ^ > L-K-l(Vy),K(M 2 y 2 ) 



L-3 

5t el 



+ E E E d 



K=lM 1 ,x 1 M 2 ,y 2 
X 



L—K—2(Mixi)K(M 2 y 2 ) 



-Txy,K(M 2 y 2 ) n ~E'K(Tx),L-K-2{M 1 x 1 ) 

T,x 



— A/f 

~u n (L, K)P(L - K - 2) £ 6tE2_ k _ 2(a ^ i)iM _ |( _ T:c) 

r,x 



X "-L-K-^TxyKiM^) 



-u n (L, K+l) C(K) £ e v D^ +4( _ Vv) 

V,y 
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nTT J ( N6 ") 
A "-L-K^iMiX^K+^Vy) 



(5.14) 



In the following, for each n, we seek the functions (x n , y n , z n , w n , u n and 
v n ) that make this commutator vanish. 

Building blocks with scalar index (n = 0): Let us first consider the 
creation operator with scalar index. Because of the triangular conditions for 
the SU(2) x SU(2) Clebsch-Gordan coefficients, this operator vanishes for 
J > L. If we take J = L, the only terms with the function x in the operator 
(5.4) survives, because 



>w — Dp _ n 

rj L-K-l(M 1 x 1 ),K(M 2 x 2 ) ~ rj L-K-2(M 1 x 1 ),K(M 2 x 2 ) ~ U ' 



°H 
°D 



L-K-l(M iyi ),K(M 2 y 2 ) 



= °H 
0. 



L-K-\{M x x x );K(M 2V2 ) ~ ' rL L-K-%(M 1 x 1 );K(M 2 y 2 ) ~ °) 



(5.15) 
(5.16) 
(5.17) 



Thus, the only non- vanishing component in the commutator (5.14) is the 
first term in the c^c^ part. 

To find a function x that make this term vanish, the crossing relation of 
type I (E.4) for n = derived in the Appendix E is used. Consider the case of 
Ji = L — K — | and J 2 = K in this relation. If we take J = L, we obtain the 
crossing relation that consists of only the E • °E part with the intermediate 
value I = L — K (K + |) for the l.h.s (r.h.s.). Using this crossing relation 
and the symmetric condition (5.11), we find that the commutator vanishes 
if the function satisfies the recursion relation, 



x [L,K + 



(2L-2K- 1){2L-2K) 
2K(2K+ 1) 



x (L,K). 



Solving this equation, we obtain 

x (L,K)=x(L,K) 

with 

x(L,K) = (-lf- 



2L \ 2L-2 
2K 2K-1 



(5.18) 



(5.19) 



(5.20) 
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up to the L-dependent normalization. To satisfy the symmetric condition 
(5.11), L must be an integer. For a half-integer L, this function vanishes. 

Thus, we obtain the Q M -myaxidD.t creation operator with scalar index, 
denoted by A LN , as 



LN 



L-1 

E 



E 



E 



K=l Mi, xi M 2 ,x 2 



L-K(M 1 x 1 ),K(M 2 ,x 2 ) C L-K(M 1 x 1 ) C K(M 2 x 2 )^ 

(5.21) 



with integer L(> 3). Here, L = 2 is trivial because 



[Qm,c 



,t 

l(Mx)J 



0, and 



therefore it is removed. The function x is defined as in (5.5), and the defini- 
tion °E = E is used. 

Next, we consider the case of J = L — 1. Because 



'E 



L-K-2(M 1 x 1 ),K(M 2 x 2 ) 



L-K-±(M lXl );K(M 2 y 2 ) 



= 0, 
0, 



(5.22) 
(5.23) 



the terms with the functions z and u vanish. Therefore, the SS and dfte^ 
terms in the commutator (5.14) trivially vanish, and four terms with the 
functions Xo, £/o, wo and vo, i.e. c 1 ^, e*e\ and eW, survive. We first 
consider the c^c^ term. To find a solution for which this term vanishes, we 
use the crossing relation of type I (E.4) for n — with the values J = L — 1, 
J\ = L — K — | and J 2 = if, and the symmetric conditions of x (5.11). 
We then find that this term vanishes when x satisfies the same recursion 
relation to Eq.(5.18), so that x (L, K) = x(L, K), and y and w satisfy the 
equations, 



Vo{L,K) 
w (L,K) 



y(L,K), 

w(L,K), 



with 



y(L,K) 

w(L,K) 



= -2(2L-2K-l)x(L,K), 



8(2L - 2K - 1)(2L - 2K) 
\ (2K- l)2K(2K + 3) 



x(L,K). 



(5.24) 
(5.25) 



(5.26) 
(5.27) 



The condition that the term vanishes determines the function vq. 
Using the already derived functions, y — y (5.26) and ^0 = 1^ (5.27), and 
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the crossing relation of type II (E.6) for n = with J = L — 1, J\ = L — K — 1 
and J2 = K, in which the triangular conditions, 

Il-K-1(M 1 x 1 );KM 2 = (5.28) 

and so on, are taken into account, we find that vq(L, K) = v(L, K) with 



(2K + 1)(2L - 2K - 1) f IN 

v(L, K) - 2^ (2K _ 1){2K + 3)(2L _ 2K _ 3)(2L _ 2K + x f ' K + 2 J • 

(5.29) 

The term now consists of only the D ■ °D part. Here, we consider the 
crossing relation of type III (E.8) for n = with J = L — 1, J\ = L — K — | 
and J 2 = We then obtain the relation that consists of only the D and 
°D coefficients, because 

Q ^ > L-K-2(M 1 y 1 ),K(M 2 y 2 ) = ° D ^-|(M m ),L-K-§(M 2 2, 2 ) = °> (5.30) 

0TJ L ~ 1N _ 0TJ L ~ 1N _n /coi\ 

tl L-i<'-§(Afixi);A'(Af2j«) ~~ rl K(M 1 x 1 );L-K-%(M 2 y 2 ) ~ U ' ^O.Oi; 

°GL-K-±(M iyi );KM 2 = C ^ K(M iyi );L- K- §M 2 = 0- (5.32) 

Using this crossing relation and the function f o = f (5.29), we find that the 
e'e' term vanishes. 

The c^c* term consists of only the E • °E part. Using the crossing relation 
of type I (E.4) for n = and yo — y (5.26), we can show that this term 
vanishes. 

Thus, we obtain another type of Qm invariant operator with scalar index, 
denoted by Jtf L _ lN , as 

L-l 

•Al-IJV = E E E ^(-^' ^■)'^'L-K(M 1 x 1 ),K(M 2 ,x 2 )^L~K(M 1 x 1 )^K(M 2 x 2 ) 
K=l Mi, M 2 ,a;2 

L-2 

+ E E E y(£,*)E£ 



Jf=l Mi ,n M 2 ,a;2 
L _3 

+ y y y w(l,k)hi;-]n c 

i-^ i-^ v ' ' L-K-±(Mix 1 );K(M 2 ,y 2 ) 



;t st 
o(Mixi);i<'(M2,2/2) L-JsT-^Mimr^Mz^) 
A-=lAfi,xiM 2 ,j/ 2 



L-2 

+ E E E ^ ^)^ > L~ 1 K-l(M 1 y 1 ),K(M 2 ,y 2 )^L-K-l(M 1 y 1 ) c 'K(M2y 2 )^ 
K=l Mi ,1/1 M 2 ,y 2 

(5.33) 
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with integer L(> 3). Here, the definitions °E = E and °H = H, and the 
relation between D and °D (D.10) are used. The function v' is then given 
by 

v'(L, K) = ~(2K - 1)(2L -2K- 3)v(L, K). (5.34) 

The functions with the bar (y, w, and v 1 ) are defined as in (5.6), (5.8) and 
(5.10), respectively. 

For J = L — 2, all components in the operator (5.4) contribute. In this 
case we find that we cannot make some terms in the commutator (5.14) 
vanish. For example, the e^e^ term is now given by a combination of the 
H • °H and D • °D parts. The crossing relation required in this case is of type 
III (E.8) for n = with J = L - 2, J x = L - K -_§ and J 2 = K. However, 
this relation also includes the non-vanishing G ■ °G part, so that we cannot 
make this term vanish unless the functions u and v vanish. From the other 
terms in the commutator, these functions must be non-vanishing, and thus 
we can show that for J < L — 2, there is no operator that commutes with 
the charge Qm- Thus, the building blocks with scalar index are given by two 
types of the operators, A 1 " and A 1 ". 

Building blocks with vector index (n = 1): From the triangular con- 
ditions of the Clebsch-Gordan coefficients, the operator with vector index is 
non- vanishing for J < L—\- Let us consider the case of J — L — |. Because 

11 < L-K-\(M x x Y ),K(M2X2) ~ rj L-K-2{M 1 x 1 ),K(M 2 X2) ~ U ' \O.OO) 

lH L-K-l(M 1 x 1 y,K(M 2 y 2 ) = ' ( 5 ' 36 ) 

ljS L ~^ {Ny) - n (K 17\ 

1J L-K-l(M iyi ),K(M 2 y2) ~ U ' (O.OI ) 

only the terms including the functions X\ and W\ survive. Therefore, the four 
terms (eft eft , e^e\ S$ and dfte^) in the commutator (5.14) vanish trivially. 
Using the crossing relations of type I (E.4) and type II (E.6) for n — 1, we 
find that the c^c^ and terms vanish when 

Xi(L, K) — x(L, K), (5.38) 
W!(L,K)=w(L,K), (5.39) 
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where x and w are given by Eqs.(5.20) and (5.27). Thus, we obtain a building 
block with vector index, denoted by B\ i . . T , , as 

L-l L 1 ^ 

L-\{Ny) = X X X x(L,K) E L _K(M 1 x 1 ),K(M 2 ,x 2 )^L-K(M 1 x 1 )^K(M2X2) 
K=l Mi, M 2 ,:r 2 



l^-IW S t gt 



+ X X X w(L,K) H L _ 2 K _i( MlXl y )K ( M2) y 2 f L _ K _i( MlXl ^K{M 2 y 2 )i 



jr=lMi,nM 2ll ft 



(5.40) 



with integer L(> 3). 

3 
2 



For J < L — §, we find that the operator does not commute with Qm, as 



discussed before. 



Building blocks with rank 2 tensor index (n = 2): The operator 
with rank 2 tensor index has non- vanishing components for J < L — 1. For 
J = L — 1, because of 

2prL-l(A^) _ 2 ~L-l{Nx) , v 

rj L-_ftr-l(Mixi),^(M 2 ,a;2) ~~ rj L-^-2(Afixi),^(M 2 ,a;2) ~~ U ' 

2H i-X-f(M ia;i );E-(M 2 ,y 2 ) = °> ( 5 - 42 ) 

the terms with the functions x 2 , and v 2 survive. Therefore, we consider the 
three terms cW, e^V and in the commutator (5.14). As in the case of the 
operator A\ using the crossing relations of type I (E.4) and type III (E.8) for 
n = 2, we can make the c^c^ and e^e' terms vanish when the functions x 2 , w 2 
and v 2 are given by x (5.20), w (5.27) and v (5.29), respectively. However, we 
cannot make the term vanish because the coresponding type II relation 
(E.6) for n = 2 has an extra term including the non-vanishing coefficient 
2 Il-k-i-,k contrary to (5.28). Thus, the operator with J = L — 1 does not 
commute with Qm- 

In the same way, we can show that there is no QM-invariant operator 
with J < L — 2. Thus, the building block with rank 2 tensor index is the 
only lowest positive-metric creation mode, 
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Building blocks with rank 3 tensor index (n = 3): The operator 
with rank 3 tensor index has non- vanishing components for J < L — |. For 
J = L — |, because of 

3 =<L-±(Nz) _ 3 ^L-±(Nz) 

rj L-K~l(M 1 x 1 ),K{M 2 x 2 ) ~ Cj L-K-2(M 1 xi),K(M 2 x 2 ) ~ U ' 

n L-K-f(M l2; i);E-(Af 2 s, 2 ) U ' (U.-iaj 
^ L-K-l(M iyi ),K{M 2 y 2 ) = °> ( 5 - 46 ) 

the terms with the functions x 3 and w 3 survive. Therefore, we consider only 
the $S and terms in the commutator (5.14). As in the case of the 
operator B\ using the crossing relation of type I (E.4) for n = 3, we find 
that the c^d" term vanishes when 

x 3 (L,K) = x(L,K), (5.47) 
w 3 (L,K) = w(L,K), (5.48) 

where x and w are given by Eqs.(5.20) and (5.27). Also, using this w 3 , we 
find that the c^e^ term vanishes due to the crossing relation of type II (E.6) 
for n — 3. 

Thus, we obtain a building block with rank 3 tensor index, denoted by 

D L-\(N Z y as 

L-l L j 

L—tt(Nz) = 5^ X! X! ^(^^) 3 ^'L-K(M 1 x 1 ),K(M 2 ,x 2 )^L-K(M 1 x 1 )^K(M 2 x 2 ) 
K=l Mi, xi M 2 ,a;2 

3T jL-i(ATz) f f 



+ X] X] X W (L,K) H L _K_i( MlXl y jK ( M2j y 2 f L _ K _i( MlXl fK(M 2 y 2 )' 

(5.49) 



Jf=lMi,nM 2 ,ift 



with integer L(> 3). 

For J < L — |, the operator does not commute with Q M - 

Building blocks with rank 4 tensor index {n — 4): The operator with 
rank 4 tensor index has non-vanishing components for J < L. For J = L, 
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because of 

4=L(Nw) _ 4 ^L(Nw) , , 

rj L-K-l{M 1 x 1 ),K(M 2 x 2 ) ~ rj L-K-2(M 1 x 1 ),K(M 2 x 2 ) ~ U > (0.0U) 

4 jjL(Nw) _ /±yjL(Nw) _ /r ri^ 

rl L-K-^(M 1 x 1 y,K(M 2 y 2 ) ~ rl L-K-^(M 1 x 1 );K(M 2 y 2 ) ~ U > {0.01) 

A ^L-K-l(M iyi ),K{M 2 y 2 ) = °) (5.52) 

the terms with the function x 4 survive, and therefore we cosider only the 
c^cl" term in the commutator (5.14). We easily find that, using the crossing 
relation of type I (E.4) for n = 4, this term vanishes when 

xt(L,K)=x(L,K). (5.53) 

Thus, we obtain a building block with rank 4 tensor index, denoted by 

L-l ^ 

El(Nw) = ^2 ^2 ^2 x(L,K) E L-K{M 1 x 1 ),K{M 2 ,x 2 )C-L-K(M 1 xi)Ck{M 2 x 2 )-> 
K=l Mi,xi M 2 ,x 2 

(5.54) 

with integer L(> 3). 

For J = L — 1, because of 

■ Cj L-_ft:-2(Mia;i),K(M2a;2) — U > l°- 00 J 

4lJ i - 1 ( iV '") _ n (r rn\ 

rl L-K-^(M 1 x 1 );K(M 2 y 2 ) ~ U > l°- 0D J 
4D L-X-l(Mi?;i),ii-(M 2?/ 2) = ' (5.57) 

the terms with the functions x 4 , y 4 and 104 survive. Therefore, we consider 
the three terms c'c', cftc* and c'e' in the commutator (5.14). As in the case 
of the operator A\ using the crossing relations of type I (E.4) and type II 
(E.6) for n = 4 in company with the triangular condition, 

4 =L-l(Nw) _ , , 

L L-K-l(M 1 x 1 );KM 2 ~ u > [O.OO) 

we find that the commutator vanishes when 

x 4 (L,K) = x(L,K), (5.59) 
y 4 (L,K) = y(L,K), (5.60) 
w 4 {L,K) = w(L,K). (5.61) 
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Thus, we obtain another type of building block with rank 4 tensor index, 
denoted by Sl_ 1{Nw) , as 

L-l 



= E E E k) x 

K=l Mi, xi M 2 ,X2 

+ E E E y(L,K)m L -^ (Ml 

K=l Mi, xi M 2 ,x 2 



4 =;L-l(Nw) 



K(Mixi),K(M2,X2) c L-K(Mixi) c K(M 2 X2) 



(Mixi),K{M2,X2)^L-K-l{MiXi) C k(M2X2) 



+ E E E tD^iO^T-lWo; 

JsT=l Mi, xi M 2 ,j/ 2 



~t ~t 
K(M 2 ,y2) C L-K-^(Mixi) e K(M 2 y2)' 



(5.62) 



with integer L(> 3). 

For J < L — 3, there is no Q M -invariant operator with rank 4 tensor 
index. 

The building blocks in the traceless mode sector are summarized in Table 
3. The operators without the tilde are defined by Ol^ £ ^ = ^nOl^neu)- 
Any QM-invaxiant state will be constructed from these building blocks. 



rank of tensor index 


12 3 4 


creation op. 
level (L e Z> 3 ) 


LN °L-\{Ny) C l(Nx) U L-\{Nz) ^L(Nw) 

A^ 

•A-L-1N °L-l(Nw) 

2L 2L 2 2L 2L 


Table 3: Bui 


ding blocks in the traceless mode sector. 



6 Building Blocks for the Conformal Field 



There is an essential difference between the conformal field and the other 
fields, which is that the conformal field has zero modes. The commutators 
of Qm and the zero modes are given by 



[QmA\ 
[Qm,p\ 



— CLl 



0. 



Mi 



The commutators with the conformal modes a} JM are calculated as 



Qm-, at 



Mi 



2&i - ip) e Ml S M ,-Mi 



(6.1) 
(6.2) 

(6.3) 
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and 



Qm,o/ 



JM 1 



a 



J ~ 9) E e ^i C }- 



M 2 



M U J-\M 2 J-\M 2 



for J > 1. Also, the commutators with 6j M are given by 



Qm, b 



M 2 



3« ~t 
J-M 1 ,J+±M 2 Cl J+±M 2 



-I 3 ( J - 9 ) E e M 1 C}_ Jkfi J _i M2 ^_i M2 



M 2 



(6.4) 



(6.5) 



for J > 0. 

The building blocks are constructed as done in the case of the tracceless 
mode. The differences are that we here use the Clebsch-Gordan coefficient 
of type C, and we take care on the zero-mode. Then, we find two types of 
the building blocks with level H = 2L, 



and 



9 f 



E E x (^ j ^)^l-kmi,km 2 ^l-km 1 ^km 2 

K=l M- L ,M 2 

+x(p)«Lv 



°L-1N 



E E ^)Ci-i0^i,-ffM2 a l-KMi<5LM 2 



X=I Mi,M 2 
L-1 



- lMi ,A:M 2 u L- K- IMi u 'ii'M 2 



K= i M U M 2 



t 



(6.6) 



(6.7) 



with integer L(> 1). Here, x and £/ are the same to the functions defined by 
Eqs.(5.20) and (5.26) in the traceless-mode sector. The zero-mode dependent 
operators, x an d V'j are given by 



x(p) = 



y / 2(2L- 1)(2L + 1) 



(6.8) 
(6.9) 
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The building blocks in the conformal mode sector are summarized in 
Table 4. The operators without the tilde are defined by Sln = ^nSl-n and 
<Sln = £n<Sl-n- 



rank of tensor index 





creation op. 
level (L e Z>i) 


of 

J LN 
°L-1N 

2L 



Table 4: Building blocks in the conformal mode sector. 

7 Physical States in a Non-critical 3-brane 

The physical state annihilated by all conformal charges is a conformally 
invariant vacuum, which is uniquely given by 

\n) = e _V55r «|0) = e~ 2bl< ^|0), (7.1) 

where O indicates the zero mode of the conformal field (2.13), and |0) is the 
standard Fock vacuum with zero eigenvalue of p that vanishes when annihila- 
tion modes act. The physical states are spanned by the Fock space generated 
on the conformally invariant vacuum. They must satisfy the conformal in- 
variance conditions, 

Q M |phys> = (7.2) 

and 

(H - 4)|phys) = iWlphys) = 0, (7.3) 

where —4 comes from the ghost sector discussed in Appendix F, which indi- 
cates the number of the dimensions of the world-volume. As in the Gupta- 
Bleuler procedure, we do not impose a condition concerning Q^ M . 

The physical state is now decomposed into four sectors: scalar fields, vec- 
tor fields, the traceless mode and the conformal mode. Each sector consists 
of the Hamiltonian eigenstates satisfying the condition (7.2). Such states 
are constructed from the building blocks derived in the previous sections. 
Conditions (7.3) are imposed last after combining all sectors. 

First, consider the states that depends only on the zero mode of the 
conformal field. Such a state satisfying the Qm invariance condition (7.2) 
is given by \p,Q) = e tp ^\Vt) = e tpy ^- <t} °\Vl) . This is the eigenstate of p with 
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eigenvalue p + %\J2b\. The Hamiltonian condition in (7.3) gives the equation 

\{p + i\/2bij +bi — 4, so that p has a purely imaginary value, — fc^jgp with 

«o = 26i — ^/l — . Here, the fact that b\ > 4 is used, and the solution 
that a approaches the canonical value, 4, in the classical limit, b\ — > oo, is 
selected. This state is, expressed by 

e ao<t>0 \tt), (7.4) 

identified with the cosmo logical constant. 

The general state satisfying the conditions of Qm (7.2) and Rmn in (7.3) 
is constructed by acting with the building blocks on the state \p, Q), in which 
all tensor indices are contracted out using the SU (2) x SU (2) Clebsch Gordan 
coefficients. This state is denoted by \n,p) = F n (<§>' , ■ ■ -)\p, Q), where n is the 

level of F n . The Hamiltonian condition gives the equation \ (p + i\/2b-^j + 
b\ + n = 4. Solving this equation, we obtain the physical state 

F n ($V--)e Q ^°|ft) (7.5) 

with the conformal charge 

a n = 2h (l - ^l-i^j . (7.6) 

Now, we construct the lower level states up to the level 6. For n — 2, 
there are two physical states, 

<5> j 00 e a2 ^\Q) (7.7) 

and purely gravitational state 

4,e«*>|n). (7.8) 

The former corresponds to the diffeomorphism invariant field, / d 4 x^/—gX 2 , 
and the latter is the scalar curvature, / d A x^/^gR. 

For n — 4, the physical sates coupled to the matter fields are given by 

($S ) 2 |fi), H Sl \Q), q\ {Ny) q\ {Ny) \n), (7.9) 
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where «4 = is taken into account. Here and below, the sums of the tensor 
indicies are omitted. These states correspond to the diffeomorphism invariant 
fields / d^x^f^gX 1 ^ : , / d A Xyf^g~RX 2 and the square of the field strength of the 
vector field, / d 4z Xy/—gF fll ,F tJ,u , respectively. Furthermore, there are purely 
gravitational states, 

|n>, (4,) |n>, sLA|n>. (7.10) 

The first state corresponds to the square of the Weyl tensor, / cPxy/^gC*^, 
and the second is the square of the scalar curvature, / d^x^f^gR 2 . The third 
is an independent diffeomorphism invariant field other than the first two 
fields. 

For the level n = 6, we obtain 

(<t4)V^°|fi>, (^ 00 ) 2 Sl e a ^\Q), 

4> (4o) 2 e a °*°\n), <s>l si N s\ N e a ^\n), 
®\nS\ n |n> , $loq\ iNy) q\ {Ny) ef**°\n) , 

®oo c \ {Nx) c i {Nx) e ab(t>0 \n), q i {Ny) q i {Ny) S 00 e ab<t,{ > 
n\ N , rft «"60o|n\ 

1J ^(W 1 y 1 ),i(iV 2? ; 2 )?I(7V 1?/1 )^(iV 2? ; 2 ) ,5 liV e 

F 1(Ari) «t ^ r f P a 6^)|n\ 

^(iVi 2 /i),i(iV 2 2 /2 )yi(iV 1 2 /1 )yi(iV 22/2 ) C l(iVa ; ) e l"/> 
/-ilAT 2 ~f ct ct pCt6</>0|0\ 

±1 l(iV i:El );i(JV 22/2 )^(JV 2 j /2 ) C l(iV ia;i )' 5 lAr3e 

and purely gravitational states 

(^00 ) e" 6 ^ !^), '^OO'S'lAf'S'lAr 6 " 6 ^ !^)) 

^1 AT JV e< * 6 ^° I ^ ) ) 4 ( ) 4 ( A^r ) ^00 ^° I ^ ) i 

C1AT 3 gt ct ct pa6<^0|O\ 
1N 1 ,1N 2 D 1N 1 D 1N 2 ' ::> 1N 3 e I 1 '/) 

Tl^2 ct ct pO6</>0|O\ 

A l(Wx);liVi C l(JVx)' 3 liVi' 3 l.N2 C I"/- 

£j l(iVixi),l(AT 2 a; 2 ) C l(iVixi) C l(Ar 2 a ;2 ) D lAr e I 1 '/' 

2^1(Ar 3 x 3 ) _f st J p a 6 ^o|0\ ^7 -1 O^i 

rj l(N 1 x 1 ),l(N2X2) C HN 1 x 1 ) C l(N 2 x 2 ) C l(N 3 x 3 ) t I"/' 
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In the same way we can also construct higher level states, but the classifica- 
tion of them becomes complicated. 

8 Conclusions and Discussion 

In this paper we systematically constructed and classified the physical 
states in a world-volume model of a non-critical 3-brane on R x S 3 at very 
high energies beyond the Planck mass scale. At this energy, the conformal 
invariance, reflecting the background-metric independence, becomes exact, 
and thus the dynamics is described by CFT 4 . Therefore, the physical states 
must satisfy the conformal invariance conditions, (7.2) and (7.3). 

The physical states are decomposed into four sectors: scalar fields, vec- 
tor fields, the traceless mode and the conformal mode. We discussed four 
sectors separately, and then combined them last. Each sector consists of the 
Hamiltonian eigenstates invariant under the special conformal transforma- 
tions, Qm, which belong to certain representations of the rotation group on 
S 3 . These eigenstates further factorize into the (^M-invariant building blocks 
classified in finite types. The physical state was constructed by combining 
such eigenstates, and contracting out all of their tensor indices appropriately 
in a rotation invariant way using the SU (2) x SU (2) Clebsch-Gordan coeffi- 
cients. The Hamiltonian condition was imposed by adjusting the zero- mode 
momentum of the conformal field with purely imaginary eigenvalue. 

There is an essential difference between the conformal mode sector and 
the other three sectors: scalar fields, vector fields and the traceless mode. 
The conformal mode sector is not normalizable because of the purely imag- 
inary eigenvalue of the zero-mode momentum, while the other three sectors 
are normalizable. This world-volume model seems to be in the same univer- 
sarity class as the four-dimensional simplicial quantum gravity, namely the 
dynamical triangulation approach to four- dimensional random surfaces [14]. 
The partition function of this lattice model is given by a grand canonical 
ensemble in the number of 4-simplices. This fact will be related to the non- 
normalizability of the conformal mode sector. The other normalizable sectors 
are regarded as canonical ensembles on random surfaces. 

As an impact to spacetime physics, this world-volume model gives a dy- 
namical scenario of inflation consistent with observations of the cosmic mi- 
crowave background anisotropies [15]. 
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Appendix 



A The Metric on R x S 3 

The metric on R x S 3 is parametrized as 

d$ 2 Rxs 3 = Qnudx^dx" = —dt 2 + ^ i jdx l dx l 

= -dt 2 + ^(da 2 + dp 2 + d-f 2 + 2 cos fidadj), (A.l) 

where t is the time and x l = (a, (3, 7), with i = 1,2, 3, are the Euler's angles. 
Then, R 0fiu \ = R 0fl = 0, R ijk i = {jikjji - luljh), Rij = 2% and R = 6. 
The volume element on unit S 3 is 

dft 3 = d 3 x^f = i sin fidadfld'j, (A. 2) 

and the volume is Vol(S' 3 ) = 2n 2 . 



B 577(2) x SU(2) Clebsch-Gordan Coefficients 
of Types, C, D, E, G and H 

The SU(2) x SU(2) Clebsch-Gordan coefficients are defined by the in- 
tegrals of three products of ST 2 tensor harmonics. Here, we give the basic 
coefficients of types, (C, D, E, G and H), calculated in Ref.[8]. 

Type C 

C J^Mi,J 2 M 2 = \/Vol(S' 3 ) J dQ 3 Yj M Yj lMl Yj 2M2 

4 / (2Ji + i)(2j 2 +iy Jm Jm , 

where M = M 1 + M 2 and 

\Ji- M < J< Ji + J2, (B.2) 

with integer J + J x + J 2 . 
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Type D (y = ±±) 

V J MM iyi ),j 2 (M 2 y 2 ) = \/Vol(S' 3 ) J dn 3 YJ M Y} i{Miyi) Y ij2iM2 y 2) 

/ 2Ji(2Ji + l)(2Ji + 2)2J 2 (2J 2 + 1)(2J 2 +"2) " 
V 2J+1 

r J J i J 2 1 f J J i J 2 \ 
\ J2 + V2 Ji + yi | I \ J2-V2 Ji-yi I 



X 



2 

y Ji +3/i mi , J 2 +3/2 m 2 ^ Ji - m'j , J 2 - y 2 m' 2 

where M = M 1 + M 2 and 



A ° Ji +wi mi , J 2 +y 2 m 2 ° Ji -«i m' ,J?-yom' > ^O.O J 



IJ1-J2I < ^< + (B.4) 

with integer J + J x + J 2 . The lower (upper) equality is satulated at 2/1 = y 2 
(2/1 7^ Jfe)- 



Type E (x = ±1) 

iJM 

J Jl(MlIl),J2(M 2a; 2) 



Ei^_^ 7 „, M _^ - y / Vol(S' 3 ) ^ ^3^JM^Ji(Mixi)^^2(Af 2 X2) 

; (2J! - l)(2Jx + l)(2Jx + 3)(2J 2 - 1)(2J 2 + 1)(2J 2 + 3) 

2J+ 1 

J Ji </ 2 I J Ji </ 2 i 



I 1 J 2 + x 2 Ji + Xi J [ 1 J 2 - x 2 Ji — x 1 I 

xC Jm fiJm' /-p r\ 

Ji+ximi, J2+a:2m 2 Ji— iim'j, J2— X2"i 2 ' V / 

where M = Mi + M 2 and 

IJ1-J2I < J< Ji + ^2, (B.6) 

with integer J + J\ + J 2 . The lower (upper) equality is satulated at X\ = x 2 
(Xi ^ x 2 ). 

Type G (y = ±\) 

Gj^ Miyi) ,j 2 M 2 = \/Vo\(SZ) J s jn 3 YJ M Y} i(Miyi) V t Yj 2M2 
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,^ 2*M±EB ±j) E mm + 1)(2A . + 2) 



^=j 2 ±± 

(B.7) 

where M = M l + M 2 and 

\Ji-H + \< J< Ji + J2~\, (B.8) 
with half integer J + J x + J 2 . 

TypeH (z = ±l,y = ±±) 

H Ji?M ia;i );J 2 (M 2 y 2 ) = ^/V61(5 3 ) ^ dVt Z Y} M Jjf( MlXl ) VjFj J 2 (M 2 y 2 ) 

3 /(2Jx - l)(2Jx + l)(2Ji + 3)2J 2 (2J 2 + 1)(2J 2 + 2) 



2V/2V 2J+1 
x 2 2K(2K+ l)(2K + 2) 
k=j 2 ±± 



x 



K 1 J 2 + ?/2 If K 1 J 2 - y 2 1 f J Ji + X! J 2 + 2/ 2 

I J2 I J 1 I J 2 \ Jll * Ji 

J Ji — Xi J 2 — y 2 1 ^,j m jaJrn' m 

\ K [ Ly Ji+a;imi,J 2 +2/ 2 m 2 Ly Ji-a;im' 1 ,J 2 -2/ 2 m^J v 13 



where M = M x + M 2 and 

|Jx- J 2 | + i< J< J! + J 2 -i (B.10) 

with half integer J + Ji + J 2 . The lower (upper) equality is satulated at 
xi = 2y 2 (xi ^ 2y 2 ). 

C Generalized Forms of SU(2) x SU{2) Clebsch- 
Gordan Coefficients 

General forms of SU(2) x SU{2) Clebsch-Gordan coefficients are defined 
by the integrals of scalar quantities constructed from three products of ST 2 
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tensor harmonics, 

L/( - T .h(M 1 e ni )-M(M 2 e n2 ) J g3 aii 3 ac {* J(Me n ) ' 1 Ji{M 1£ni ) ' 1 J 2 (M 2 e„ 2 ) J 

(~i.J+e n m s-iJ-e n m' /p i\ 

where Sc{ } indicates the operation making the product a scalar quantity 
by contracting out tensor indices, i, j and k, and, if necessary, inserting 
derivatives appropriately. This coefficient has a non-vanishing value when 
M = Mi + M 2 and the triangular conditions among J, J\ and J2 are satisfied, 
which are obtained from the conditions that two triangular conditions with 
respect to the left and right standard 377(2) Clebsch-Gordan coefficients must 
be satisfied simultaneously. 

Here, we define the generalized £77(2) x £77(2) Clebsch-Gordan coeffi- 
cients, ( n E, n H, n D, n G and n I), used in the text to classify Q M -mvax\axit 
operators. The generalized coefficients with the rank 4 tensor index in the J 
component are defined by 



i ^ ,J j[{M^x 1 ),.j 2 {M 2 x 2 ) - \/Vol(£ 3 ) j sz dVt z Y]f^ w) Y ijJl{MlXl) Y kU2{M2X2) , 

4H Ji ( (Miii);J 2 (M2 ? /2) = >/Vol(S' 3 ) / ^3^(2^) ^^1(^1^1) V(fc^)J 2 (M 2j/2 ), 



4D Ji ( CMiL)^2(M2 ? /2) - \/ Vol ( ,S ' 3 ) ^ 3 ^3^j(St«)^(i y i)^i(Mis/i)V( fc ^)J 2 (M2j/2)' 
4 Iji ( (iJiii);J2M2 = \/Vol(£ 3 ) ^ ^3^j(Ml,)^iJi(Mi :El )V( fe V/)lj 2 M2, 

4 g51) ; ; 2 m 2 = VvoK^) jT s dn 3 y^2* w) v { ,y, )Jl(MlJ/l) WW^) 

The generalized coefficients with the rank 3 tensor index in the J compo- 

rW 3^ Mz ) 3tt J ( M2 ) 3n J < M *> ^AMz) 

nem, ^J 1 (Mixi),J 2 (M 2 X2)' n ./i(Mixi);./ 2 (M 22 / 2 ); LJ Ji(M 1 y 1 ),J2(M 2 y 2 )i 1 Ji(M 1 x 1 );J 2 M 2 

and 3 Gj 1 ( ^ 1 ) yi); j 2M2 , are defined by replacing Y}f^ w) in (C.2) with V (i Yj$ z) . 

The generalized coefficients with the rank 2 tensor index in the J com- 
ponent are defined by 

2E Ji ( (Mil 1 ),J 2 (M 2:E 2) = \/ Vol ('S' 3 ) f s3 d ^3 Y iJ(Mx) Y MM 1X i) Y kjMM 2 X2), 
2H Ji ( (Mili);J 2 (M 2?/2 ) = \/ Vol ( ,S ' 3 ) J s3 d ^3YiJ(Mx) Y MM 1X1 )^(k Y j)J2(M 2 y 2 )i 
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2 <^U M M 2 y 2) = y/Vol(SP) J sa c«3^ (JlfSB) V^ (Mm) V (fc ^ 



(M 2 y 2 ), 



2 jJ(Mx) 
1 J 1 (M 1 x 1 );J 2 M 2 



V0l(53) ^3^)^*0 



X (V( fe V,)--7fciV Z )Fj 2 M 2 : 



S3 



iyi) 



x (V^-^V 2 ) >'./,-/,• (C.3) 



The generalized coefficients with the vector index in the J component, 

^J(My) VfjJ{My) ij^J(My) lj J(My) , 

£j Ji(Mi : ei),J2(M2X2)' n Ji(Mixi);J 2 (M 2 j/2)> ^ Ji(M iyi ),J 2 (M 2 y 2 )> 1 Ji{M 1 x 1 );J 2 M 2 dIla 

1 gJJ2 1 ) 2/1 ) ; j 2 m 2 > are defined by replacing in (C.3) with V (i rj ( } My) . 

The generalized coefficients with the scalar index in the J component are 
defined as 



'E 



Ji(M 1 x 1 ),J 2 (M 2 x 2 ) 



TTtJM 

rj Ji(M 1 xi),J 2 (M 2 x 2 ): 



OYjJM _ w jm 

a Jl{M 1 xi)-,Jz{M 2 y 2 ) - ■ n Ji(M 1 a; 1 );J 2 (M 2 j/ 2 ) ) 



^MM iyi ),J 2 {M 2 y 2 ) = \/Vol(S 3 ) ^ 3 ^3^AfV (i Vj 1 ) (Ml j /l) V( i y i )j 2 (M 2 j /2 ), 



0T JM _ jJM 

1 J 1 (M 1 x 1 );J 2 M 2 — 1 J 1 (M 1 x 1 );J 2 M 2 



Vol(^) d^Y^YZ^V^^YjM, 
= ^Vo\(S*) J dn 3 YJ M V^Yp i{Miyi) V { N 3) Y j2M2 . (C.4) 



3 G 



Ji(M iyi );J 2 M 2 



The triangular conditions of these generalized Clebsch-Gordan coefficients 
are obtained from expression (C.l). The non- vanishing condition used in the 
text are summarized as 



J < J i + J 2 
J <Ji + J 2 

J < Ji + J 2 
J < J I + J 2 



n 



(n<2), 



n --2 
2 

n 1 

2 ~ 2 
n 3 

2 ~ 2 



in > 2), 
(n < 2), 
in > 2), 



(C.5) 



(C.6) 
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l Dl,j 2 = J<Ji + J2~- (n<l) 



tJ 

'Ji;J 2 



J < Jl + J 2 - 

: J < Ji + J 2 - 



"Gr i: j, : J < J\ + J 2 



n 

2" 1 
2 

n 1 
2 ~ 2 



(n>l), 



(C.7) 
(C.8) 
(C.9) 



The generalization of these coefficients to the cases with the higher rank 
index n > 4 is straightforward, and then these conditions will be effective for 
such cases. 

The coefficient °D can be expressed as 

0t -jm 

U Ji(M iyi ),J 2 (M 2 y 2 ) 



I Jl(Jl + i) + j 2 (j 2 + i) _ J( j + 1) - |} D^ Mi 



yi),J2(M 2 y 2 ) 



+ 2 L, Ji(Miyi),MM 2 y2)> 



(CIO) 



where 



D^M m) ^(M 2S , 2) = >/voi(S3) / 53 dn s (v,v^; M ) rj i(Mm) rj 2(M22/2) . (c.n) 

The coefficient °G can be simplified in the form 



0G MM iyi y,j 2 M 2 =2\,h{J l + l) + J 2 (J 2 + 1) - J(J + 1) 



pJM 

4 j ^Ji(M iyi );J 2 M 2 - 

(C.12) 



D Relations between D and °D 



The relations between the ~D J T , r „ and °D 



coefficients used in the text 



J\,J2 Jl,J 2 

are derived here. The °D coefficient is expressed using D in (C.10). In the 
case of J — |, because of V;VjYi M = — jijYi M , we obtain the relation 



~ Ijf -M 
^Ji(M iyi ),J 2 (M 2 y 2 ) = _D Ji(Afij/i),J 2 (M 2 y 2 )- 



(D.l) 
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From this we obtain 



° D Ji(M iyi ),J 2 (M 2 y 2 ) - + !) + J 2(^2 + 1) - "J } D /. A ,../,| W 2 , /2 ) 

(D.2) 

To discuss more general cases used in Sect. 5, we consider two types of 
crossing relations constructed from the D and D coefficients. The one is the 
relation used to obtain the building blocks for the vector field in Sect. 4, 



E, r)2 M t\JN 
e V^j_ K _i {Miyi): j_ K( _ Vy) ^J^K(Vy),K(M 2 y 2 ) 

V,y 



-^ ev ^K{M2y2),K+l(-Vyp J K+\{Vy),J-K-\{M iyi y ( D ' 3 ) 

V,y 

This is the special case of the crossing relation (4.13) with J x = J — K — | 
and J 2 = K, where J > 1. The other is the crossing relation derived from 
the integral 

/ 53 ^^V^Im.^Vi.^^m,,)^. (D.4) 
Because of the anti-symmetric property, the product expansion has the form 

r |M V r Ji(Mi2/i) 

K-Vy^lvyV ( D - 5 ) 
where Eq.(D.l) is used. From this, we can obtain the crossing relation only 
with the D and D coefficients. For the case of J\ = J — K — | and J 2 = K, 
it has the form 

2J-2K v i M 

2J -2K +lf7^ eV J-K-^(M iyi ),J-K{-Vy) 
V,y 

X [{-2A"(2 J - 2K) + 1} V J j- K (Vy),K(M 2 y 2 ) ~ ^J-K(Vy),K(M 2 y 2 ) 
_2K+1 IM 

~ 2if + 2 K(M 2 y 2 ),K+\{-Vy) 
V,y 

x [{-(2* + 1)(2J - 2K - 1) + 1} Dgj^.^, 

-Di+i(Vy),J-A--I(Mu/i)J- ( D - 6 ) 
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These two crossing relations, (D.3) and (D.6), should be equivalent. We 
here assume 



^J-K(M iyi ),K(M 2 y 2 ) - A (Ji J-K(M iyi ),K(M 2 y 2 ) ( D - 7 ) 

with A(J,K) = A(J,J — K) and J > 1. Substituting this relation into 
Eq.(D.6) and comparing with Eq.(D.3), we obtain the recursion relation 

2J -2K „, T _ x 2K + 1 



2J-2K + 1 



B{J ' K ^wT2 B { J ' K+1 i)- < D - 8) 



where B(J, K) = -2K(2J - 2K) + 1 - A(J, K). Using the initial condition 
A(J, |) = 2J + 2 easily calculated from the definition, we can solve the 
recusion relation, and thus we obtain the K independent value, 

A(J,K) = 2J + 2. (D.9) 

From equation (C.10) and this result, we obtain the relation 

° D J-^(M m ),if(M 2 j/ 2 ) = -2{ 2K - l ){ 2 J- 2K - l )^ J J-K{M iyi ),K(M2y2)- ( D - 10 ) 

E Crossing Relations of Types, I, II, III 

The crossing relations used in Sect. 5 and partialy in Sect. 4 are derived 
here. We use two product expansions: 

I \M I J 1 {M 1 x 1 ) 

= / vi/gax S Y, e T^ 2 M M 1 x 1 ),I{-Tx) Y i{Tx) 
V Vol (^ 3 ) 7=J!±i T,x 

! \ " \ ^ ~ y(iyi) 

2^ Zwor 1 Won q\^ n Ji(M 1 x 1 );/(-V») V 2 7(V 



y^I^i) (27- l)(2/ + 3)^- -WOtf-v.)" /(Vy) 

(E.l) 



and 
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-Txy,.h(M iyi ) Y I(Tx) 



Vo\(£P) i=j, t, 

J \- v 2 oprl M yXV^ 



/=Ji±i V,j/ 

1 EE 3 



Vol(^) zt* 5 2 ( 2/ - i) 2 ^/ + 2 )( 2 ' + 3) 

^s°G^ (Miyi) ,_ s (W - ±f V 2 ) y, fl . (E.2) 

i i i i 

Here, note that °D} 1 Ja and °G} 1 j 2 can be expressed by Dj j2 and G} j 2 as 

(D.2) and (C.12), respectively. The sum of I in each line of r.h.s. is fixed 

by the triangular conditions of the Clebsch-Gordan coefficients. Especially, 
i i 

Hj i; j 2 oc 5j 1 j 2 and G} i;j2 oc 5j 1 j 2 are taken into account. 

Crossing relations of type I We first consider the following series of 
integrals: 

n = 



n 



J sa ^^ Y ^M Y J 1 (M 1 x 1 ) Y ijJ2(M 2 x 2 ) Y jMi 
1 l& ^^iM^^x^MM^Xi^i^JiMy) 

71 = 2 J gZ d ^ Y ^M Y jl(M lXl ) Y jJ2(M2X 2 ) Y ikJ(Mx) 

n = 4 ^ ^3^| M ^ji(Mixi)^J 2 W2^2)^ifc;j(M« ) ) ) ( E -3) 

where n denotes the rank of the last harmonics in each integrand. Using the 
product expansion (E.l), we obtain the crossing relation 

Z^ tTrj Ji(M lXl ),I(-Tx) rj I{Tx),J 2 {M 2 X2) 
J=Jl±± T,x 

\ - \ - 2 tt5 M nTT^ 6 ") 

2^ (2/-l)(27 + 3) y ^(^i^i);^-^) "-Mii^);/^) 
= [(J 1 ,M 1 ,x 1 )^(J 2 ,M 2 ,x 2 )], (E.4) 
for each n. These equations refer to the crossing relations of type I. 



50 



Crossing relations of type II Next, we consider the following series of 
integrals: 



n = 





jga d ^ Y \M Y J 1 {M 1 x^{i Y 3)MM 2 y 2 )Yj M , 


n = 


1 


J s3 ^3^| M ^/j 1 (M 1 a;i)V {fc ^j 2 \ M2y2) V(iy fc * )J(M j /) 


n = 


2 


j sz d ^ Y lM Y jJi{M 1 x 1 )^ {kY jl{M 2 y 2 ) Y Lj{Mx) 


n = 


3 


j s z ^ 3y iAf^i(M l2;i )^ (feY J2(M 2 j/ 2 )^(^/feO^(M Z ) 


n = 


4 


J rffi 3 y| M y^ (Mizi) v (fc F J ] (M2y2) F i * fciJ{Mu , ) . 



(E.5) 

The only difference from the case of type I is that Yj, M , is replaced by 

^^ l Yj\ M2 y 2 y Using the product expansions (E.l) and (E.2), we obtain the 
crossing relation 

e T^j^ Ml xi),I{-Tx) rl I(Tx);J2(M 2 y2) 



/=Ji±i T,x 

-\M n — J{Men) 



EV r H2 M JiTy- 
2-^ (OT iVor i i^V^-JiiMxx^H-Vy) LJ I(Vy),J 2 (M 2 y 2 ) 



- 2^ eTtl I{-Tx);J 2 {M 2 y 2 ) ^I(Tx), Ji(Mixi) 

I=Ji T,x 

-^g (^-i)(^ + 3) { I(J + 1) + ^ + 1) -T} 

XC V 1J J 2 (M 2 s, 2 ),/(-y ?/ ) n Ji(Afixi);/(^j/) 

+ £ ? (2/-l)2/(2/ 3 + 2)(2/ + 3) + 1) + *W + 1) " §} 

Xe 5^J 2 (M 2?/2 );/-5 A Ji(Mixi);JS> 

for each n. These equation refer to the crossing relations of type II. 

Crossing relations of type III Finally, we consider the following series 
of integrals: 



n 



= o / 53 ^3r| M v^j ] ) (Mi?/i) v (l r, )j2( M 2y2 )i7 M , 
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« = 2 / 53 AKmV'T^^V^,),^)^, 

- = 3 / 53 ^3^ M v^j^ iyi) v( fc ^ (M2y2) v (i ^ )J(Mz)) 

" = 4 / 53 ^3^ M V^j? (Miyi) V( fe ^ (M2!/2) ^ MJ(Mtu) . (E.7) 

The difference from the cases of type I is that Yj[^Mixi) an< ^ ^jI{m 2 x 2 ) are 
replaced by ^^ l Yj\ Miyi \ and ^^j\ M2y ^, respectively. Using the product 
expansion (E.2), we obtain the crossing relation 

\- \- tt5 M nTi J ( Me ») 

Z^ e 7 lJrl /(-Tx);Ji(Miyi) tl I(Tx);J 2 (M 2 y 2 ) 
I=Ji T,x 



/=Ji± 



X f ^ U Ji(Miyi);/(- Vy) U I(Vy),MM 2 y 2 ) 

+ EE (2/ _ 1)2/(2f 3 +2)(2/ + 3 ) {m + D + J.W + !)-§} 

„|M „W(Afe„) 
Xes '^ J Ji(Mi ?/ i);/-5 ^J2(M 2 y 2 );/5 

= [(Ji,M 1 ,y 1 )^(J 2 ,M 2 ,y 2 )] ) (E.8) 
for each n. These equations refer to the crossing relations of type III. 



F Conformal Algebra in Ghost Sector 

In this section we reinvestigate conformal algebra in the ghost sector dis- 
cussed in Ref. [6] As discussed in the previous paper [8], in the radiation" 1 " 
gauge, there is the residual gauge symmetry generated by the conformal 
Killing vectors. The 15 ghosts to fix it are described as c, c M , c^ M and 
£mn, where the indices, M and N, indicate the (2,2) representation of 
SU(2) x SU(2), and Cmn satisfies the equations c^ MN = c^m and Cmn — 
—e M e N c_ N ^ M . We also intorduce associate anti-ghost fields, denoted by b, 
h M , W M and b MN , where bj^ = h NM and h MN = -e M e N h_ N _ M . The 



52 



commutators of these fields are defined as 
{b,c} = 1, 

{t>L) C iv} = {^M, C lv} = &MN, 
{^>M 1 N 1 ,Cm 2 N 2 } — Sm 1 M 2 ^N 1 N 2 — CM 1 €N 1 fi-M 1 N 2 S-N 1 M 2 - (F-l) 

The ghosts related to the time translation, c and b, and the rotations on S 3 , 
cmn and bMN, have the level 0. The ghosts related to the special conformal 
transformations, cm and b^, have the level —1, and their conjugates, c M 
and b M , have the level 1. Thus, the hamiltonian has the form 

H = J2 ( h R c R + c L b ft) + constant. (F.2) 

R 

Since the conformal charge Qm has the level —1 and belongs to the (2, 2) 
representation of SU(2) x SU(2), the general form of this charge is given by 

Qm = Aibc M + A 2 b Af c + (k^rCrm + K 2 b M RC R ) ■ (F.3) 

R 

We here require that these charges form the conformal algebra (1.1). This 
requirement is satisfied if AiA 2 = 2 and KiK 2 = 2, and thus we obtain the 
following 15 conformal charges: 

Q M = Xhc M + -b M c + (^,b R c RM + -AomrCr^ , 

H = ]T (b R c R + c R b R ) - 4, 



R 

Rmn = bjyC M + cjyb M — e M e N {h^ M c_ N + cL M b_^ 



— ~ X! 0°mrCnR + C R Mi>RN — i>RNC R M ~ CnR^mr) , (FA) 
1 R 

where A and k are arbitrary constants. Note that the constant term in the 
Hamiltonian is fixed to be —4. This constant has a relationship to the world- 
volume dimensions. 
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